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Abstract
It is shown that a countable locally nilpotent group G that is also soluble has a residually finite subgroup J
with isolator G.
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1. Introduction
The article [1] was concerned with the question of embedding groups in simple, locally
(soluble-by-finite) groups. By a special case of Theorem 1 of that paper, if a countable group G
is to embed in such a simple group then G itself must have a residually finite subgroup R whose
isolator in G is the whole group G, that is, for each element g of G there is a positive integer n
such that gn ∈ R. While this residual finiteness condition on a countable, locally (soluble-by-
finite) group G is not sufficient for there to be an embedding of the kind claimed (indeed, there
is considerably more required by Theorem 1 of [1]), it does appear to us that investigation of the
existence of such residually finite subgroups of groups G is of interest in its own right. In partic-
ular, since locally nilpotent groups have very satisfactory isolator properties (and here we refer
the reader to [2]), it seems natural to ask whether every countable locally nilpotent group G has a
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affirmative for groups G that are, in addition, soluble. More precisely, we prove the following.
Theorem. Let G be a locally nilpotent group with torsion subgroup T , and suppose that G/T is
countable and soluble. Then there is a torsion-free, residually finite subgroup J of G such that
the isolator of J in G is G.
A special case of the theorem is of course that of (countable) nilpotent groups. We conjecture
that the result is in general false if one removes the hypothesis of solubility. A reasonable place
to begin to look for a counterexample would seem to be within the class of perfect McLain
groups (see Chapter 6 of [3] for the definition and some discussion of these generalised groups
of unipotent matrices), but it will be shown in a forthcoming article by G. Cutolo and the third
author that at least “many” of the more familiar McLain groups do indeed have residually finite
subgroups of the type referred to. Certainly if one removes the countability hypothesis then there
is no general result, as the following example shows.
Example. Let Q denote the additive group of rational numbers and let Σ be the set of all func-
tions from the set N of positive integers to Q. Let G be the group generated by Q and elements xi
(for i ∈ N) and yσ (for σ ∈ Σ ), subject to the following (additional) relations (where we are us-
ing a mixture of additive and multiplicative notation and otherwise abusing notation slightly, in
a familiar manner).
• [xi, xj ] = 1 = [yσ , yρ] for all i, j ∈ N, σ,ρ ∈ Σ .
• [xi, yσ ] = σ(i), for all i ∈ N, σ ∈ Σ .
• All commutators are central.
It is clear that G′ = Q and that G is an uncountable, torsion-free nilpotent group of class two.
Let H be a subgroup of G with isolator G, so that G/HG′ is periodic. For each i ∈ N, we can
choose a positive integer ni such that xnii ∈ HG′, so that xnii zi ∈ H for some central element zi
of G. Let a/b be a fixed but arbitrary element of Q and define σ ∈ Σ by setting σ(k) = a/(bknk)
for each k ∈ N. If m is the least positive integer such that ymσ is in HG′ then H contains ymσ z
for some central element z and hence contains [xnmm zm,ymσ z] = mnm[xm,yσ ] = mnmσ(m) =
mnma/(bmnm) = a/b, and it follows that H contains Q and is therefore not residually finite.
Thus the hypothesis of countability cannot be removed from the statement of our theorem, even
for nilpotent G.
2. Preliminary results
Our first lemma is quite possibly known, and the second is for the most part a consequence of
the first. Proposition 3 would appear to have possible use beyond our immediate requirements,
while Proposition 4 is quite specific to the task in hand. For a group Y and subgroup X of Y ,
IY (X) denotes the isolator of X in Y (which is always a subgroup if Y is locally nilpotent).
Lemma 1. Let G be a finitely generated nilpotent group, and let F,K,L be subgroups of G such
that K L, |L : K| is finite and F ∩LK . Then there is a subgroup J of finite index in G such
that F  J and J ∩ LK .
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to see that FK < FLG and |FL : FK| is finite. Let {1 = u1, u2, . . . , ur} be a left transversal
for FK in FL. Using the fact that every subgroup of G is closed in the profinite topology on G
(see, for example, 5.4.16 of [4]), we see that, for each i = 2, . . . , r , there is a subgroup Ji of
finite index in G such that FK  Ji and ui /∈ Ji. If J is the intersection of the Ji then we have
FK  J, |G : J | finite and J ∩ FL = FK . Hence J ∩ L = FK ∩ L = K(F ∩ L) = K , and we
are done in this case.
In the general case we may apply induction on the length of a subnormal series from F to G
and suppose that, for some normal subgroup G1 of G that contains F , there is a subgroup J0
of finite index in G1 such that F  J0 and J0 ∩ (L ∩ G1)  K ∩ G1, that is, J0 ∩ L  K. By
considering a left transversal for J0 in G1 and arguing as before, we obtain a subgroup H of
finite index in G such that H ∩ G1 = J0. Moreover, since G1  G we have J0 normal in H ,
and we also have J0 ∩ (L ∩ H) J0 ∩ (K ∩ H). Thus we may apply the result of the first part
of the proof to deduce that there is a subgroup J of finite index in H such that J0  J and
J ∩ (L∩H)K ∩H. Thus J ∩LK , and since F  J0  J and both |G : H | and |H : J | are
finite, the result follows. 
Lemma 2. Let G be a locally nilpotent group, and let L,K be subgroups of G with K  L and
IL(K) = L. Let U,F be finitely generated subgroups of G such that UF ∩LK and let g ∈ G.
Then there is a positive integer n such that 〈U,gn〉F ∩ LK.
Proof. Let V = 〈U,g〉 and set H = 〈V,F 〉. By Lemma 1 there is a subgroup J of finite index
in H such that UF  J and J ∩ (H ∩ L) (H ∩ K), that is, J ∩ LK . Let N = CoreH (J );
then J/N is finite, NUF  J and NUF ∩ L  K . Now N ∩ V F  H and V F /(N ∩ V F ) is
finite, so there is a positive integer n such that gn ∈ (N ∩ V F ). Since (N ∩ V F )UF  J we
have (N ∩V F )UF ∩LK , and since (N ∩V F )H we also have 〈gn〉F  (N ∩V F ), and so
〈U,gn〉F ∩ LK , as required. 
Proposition 3. Let G be a locally nilpotent group with torsion subgroup T , and suppose that
G/T is countable. Let L,K be subgroups of G such that K  L and IL(K) = L. Then there is
a subgroup J of G such that IG(J ) = G and J ∩LK . Furthermore, there exists such a J that
is torsion-free.
Proof. There is a countable subgroup G0 of G such that G = TG0, and since IG(G0) = G there
is nothing lost by replacing G by G0. Hence we may assume that G is countable, so we may
write G as the ascending union of finitely generated subgroups G1 G2  · · · . For each i we
have |L∩Gi : K ∩Gi | finite. By Lemma 1 there is a subgroup J1 of finite index in G1 such that
J1 ∩ (L ∩ G1) (K ∩ G1), that is, J1 ∩ LK and, again using Lemma 1, we find a subgroup
J2 of finite index in G2 such that J1  J2 and J2 ∩ L  K . Continuing in the obvious manner
and setting J to be the union of the resulting subgroups Ji , we obtain the desired result. Finally,
choose a subgroup M of G such that IG(M) = G and M ∩T = 1. Then we have IG(M ∩J ) = G
and (M ∩ J ) ∩ LK , and M ∩ J is a torsion-free subgroup with the required property. 
The above result fails to hold in general if G/T is not assumed countable, as the example in
the introduction shows. In the group G constructed there, every subgroup J of G whose isolator
is G has the property that it contains the derived subgroup G′. If we set L to be G′ and K to
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impossible for all such J .
Proposition 4. Let G be a locally nilpotent group, L,K subgroups of G with K  L and
IL(K) = L. Let F be a finitely generated subgroup of G and let H = 〈g1, g2, . . .〉 be a countable
subgroup of G. Then there are positive integers n1, n2, . . . such that 〈gn11 , gn22 , . . .〉F ∩ LK.
Proof. By Lemma 2, with U = 1 and g = g1 there is a positive integer n1 such that 〈gn11 〉F ∩
L  K . Now set U = 〈gn11 〉 and g = g2 in the lemma to obtain a positive integer n2 such that
〈gn11 , gn22 〉F ∩ LK , and proceed in the obvious manner. 
3. Proof of the theorem
Suppose that G is a group satisfying the hypotheses of the theorem. By Proposition 3, G has
a countable, torsion-free soluble subgroup G∗ such that IG(G∗) = G, and we may replace G
by G∗ and hence assume that G is countable, torsion-free and soluble of derived length d , say. If
d = 1 then G is abelian and the result is clear, since in that case there is a free abelian subgroup J
with G/J periodic. Suppose that d > 1 and let I denote the isolator in G of G(d−1). Then I is
an abelian normal subgroup of G such that G/I is torsion-free, and of course I is (free abelian)-
by-periodic. We may apply Proposition 3 to obtain a subgroup G0 of G such that I ∩ G0 is free
abelian and IG(G0) = G. Also, by induction we may suppose that G/I has a residually finite
subgroup G1/I with IG(G1) = G and so, replacing G by the subgroup G0 ∩ G1 if necessary,
we may assume that G has a normal free abelian subgroup A such that G/A is torsion-free and
residually finite.
Let {b1, b2, . . .} be a Z-basis for A and let {g1, g2, . . .} be a (countable) set of genera-
tors for G modulo A. Set a1 = b1 and B1 = A1 = IA(〈a1, g1〉 ∩ A), a finitely generated
〈g1〉-invariant subgroup of A. Now let a2 be the first of the bj not contained in B1 and set
B2 = IA(〈a1, a2, g1, g2〉∩A). Then B2 is 〈g1, g2〉-invariant, finitely generated and therefore free
abelian. Since A1 is isolated in A and hence in B2, we may write B2 = A1 × A2 for some fi-
nitely generated subgroup A2. Continuing in this manner, we see that A may be written as the
ascending union of finitely generated subgroups Bi where, for each i  1, Bi+1 = Bi × Ai+1
for some subgroup Ai+1 and Bi is 〈g1, . . . , gi〉-invariant. Now let m1,m2, . . . be a strictly in-
creasing sequence of positive integers with m1 = 1 and mi dividing mi+1 for each i  1. For
each such i, let Di = Am11 × · · · × Amii , and let D be the (ascending) union of the Di . Note that
Di  Bi . Again for each i, the factor Bi/Bmii is finite, and so there is a positive integer ri such
that [Bi, grii ] Bmii . Let xi = grii and put X = 〈xi : i  1〉.
We claim that D is normalised by every xj and hence by X. To see this, fix a positive integer j ,
and observe first that [Dj, 〈xj 〉] [Bj , 〈xj 〉] Bmjj , which is contained in Dj by the choice of
the integers mi . If i  j and 〈xj 〉 normalises Di then it normalises DiBmi+1i+1 = Di+1, and so our
claim follows by induction on i.
Since A/D is periodic, we may apply Proposition 3 once more to obtain a subgroup G2 of G,
with isolator G, such that G2 ∩ AD. For each i there is a positive integer si such that yi :=
x
si
i ∈ G2. Put Y = 〈yi : i  1〉. Then Y normalises D and we have DY ∩ A = D(Y ∩ A) = D.
Next we define a sequence of elements hi , where hi is a positive power of yi for each i.
We begin by setting h1 = y1. By Proposition 4 there are positive integers ui such that
〈yui : i  2〉〈h1〉 ∩ A Am2 ; set h2 = yu2 . Again by Proposition 4, there are positive integers vii 2
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sequence h1, h2, . . . of elements of Y , with hi a positive power of yi (and hence of xi and of gi )
for each i, such that, for every j  2, we have 〈hi : i  j 〉〈hi : i<j〉 ∩ AAmj .
Set H = 〈hi : i  1〉, J = DH . Note that, since A  IG(D) and 〈g1, g2, . . .〉  IG(H), we
have IG(J ) = G. Note also that J ∩ A = D.
Our claim now is that J is residually finite. Let a be a nontrivial element of J ; we need to
show that J has a normal subgroup of finite index that does not contain a, but if a /∈ A then
this follows immediately from the residual finiteness of G/A, so we shall suppose that a ∈ A.
Since m1 = 1 and the intersection of all Ami is trivial, we may choose t maximal such that
a ∈ Amt . Thus a /∈ V := D ∩ Amt+1 , which is normal in J . By the choice of the integers mi we
may write D = Dt ×Et , where Et Amt+1 , and so V = (Dt ∩Amt+1)Et , which has finite index
in D. For j > t we have [D, 〈hj 〉]  [DtAmt+1, 〈hj 〉]  [Bt , 〈hj 〉]Amt+1  [Bj , 〈hj 〉]Amt+1 
B
mj
j A
mt+1  Amt+1 (since j  t + 1), and so [D, 〈hj 〉]  V . Thus [D,L]  V , where L =
〈hj : j > t〉. Since LJ = LDH it follows that LJ  VLH = VL〈hj : jt〉. Thus (LJ ∩ A) 
V (A ∩ L〈hj : jt〉)  VAmt+1 . Since we also have (LJ ∩ A)  J ∩ A = D we deduce that
(LJ ∩ A)  VAmt+1 ∩ D = V (D ∩ Amt+1) = V. In particular, a /∈ VLJ . Since D/V is finite
and J is generated by DLJ and the elements h1, . . . , ht , we have J/VLJ finitely generated
nilpotent and hence residually finite, and the result follows.
We remark that an appropriate choice of the sequence {mi} above allows us to find a sub-
group J with isolator G that is residually a finite π -group for any preassigned set π of primes.
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